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Cao et al. previously derived a thermomechanically constrained theory for materials 
with temperature-dependent density and applied it to the illustrative problem of plane 
Poiseuille flow between isothermal walls. Here the theory is applied to geometries and 
thermal boundary conditions of practical importance in polymer processing: flows 
through planar, circular and annular dies with heat loss through the die walls. How 
geometry and thermal boundary conditions combine with material propehes, especially 
thermal expansivity, to effect velocity and temperature profiles, and mass and volume 
flow rates is explored. A comparison is made with predictions that follow if temperature- 
dependence of density is either ignored or handled (as is the standard practice) by a 
posteriori insertion of a temperature-dependent expression for density into equations 
derived for constant density. 

Introduction 
In general, material properties depend on both thermal and 

mechanical state variables. In many polymer processes the 
mechanical dependence of density, specific heat, viscosity, and 
thermal conductivity is weak, due to the low to moderate 
pressure levels encountered in these processes (Cox and Ma- 
cosko, 1974; Lodge and KO, 1989; Spencer and Gilmore, 1950; 
Winter, 1977), and can be neglected. In contrast, tempera- 
tures are high enough and the temperature changes and gra- 
dients are sufficiently large that the temperature dependence 
of material properties must be incorporated. Temperature 
dependence of specific heat c, viscosity p, and thermal con- 
ductivity k can be straightforwardly modeled by inserting 
temperature-dependent expressions c(O), p(O), k( 0 )  (where 
0 denotes absolute temperature) into the momentum and en- 
ergy equations for an incompressible material, but not den- 
sity. This is because specifying density as a function p ( 0 )  of 
temperature is fundamentally inconsistent with the constraint 
of incompressibility on which these equations are based. The 
temperature dependence of density demands the thermome- 
chanical constraint 

P o )  . 
div v = - - 0. (1) 
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where v is the velocity and p‘ (0 )  denotes the derivative of 
p ( 0 )  with respect to temperature. We deduce in Cao et al. 
(1995) that the constraint response p maintaining this con- 
straint must appear in both the momentum equation and the 
energy equation, 

p( 0>i ,  = div f -grad p + p( 0 ) g ,  (2) 

(3) 

where g is the acceleration of gravity, f the part of the stress 
tensor given by a constitutive function, D the symmetric part 
of the velocity gradient, 2 the constitutive part of internal 
energy, and q^ the heat flux vector (given by a constitutive 
assumption). For a material with prescribed temperature-de- 
pendent density a term involving the constraint response p ,  
namely p0(  p’/p2), is needed in the internal energy to offset 
the entropy created by the constraint pressure during ther- 
mally induced shrinkage or  expansion, so that the net en- 
tropy generated by the entire response maintaining the con- 
straint, Eq. 1, is zero. 

In this article we explore through solutions of Eqs. 1-3 the 
behavior of materials with temperature-dependent density in 
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channel flows with geometries and thermal boundary condi- 
tions of practical importance in polymer processing. For such 
flows the constrained theory, Eqs. 1-3, produces nonlinear 
two-point boundary-value problems. The solution of each 
problem was obtained by two independent algorithms, one 
based on the relaxation method and the other on the shoot- 
ing method (cf. Press et al., 1992). In all computations the 
two algorithms converged to the same solution; in the shoot- 
ing method the stopping criterion was 5 X lo-' and in the 
relaxation method the error norm was 5 X 

We compare the solutions of Eqs. 1-3 with solutions of an 
ad hoc theory which is the standard practice for accounting 
for thermal shrinkage, that is, the equations for an incom- 
pressible material with a posteriori substitution of tempera- 
ture-dependent density (cf. Hayashi et al., 1992; Dutta, 1987; 
Kase and Matsuo, 1965), 

(4) 

We also compare with solutions of the equations that follow 
when the density change in the process is ignored and density 
is treated as a constant pc, equal to p ( 0 )  evaluated at some 
characteristic temperature: 

div u = 0, (7) 

pcv = div T -grad p + pcg, (8) 

p,: = f . D  -divq^. (9) 

To complete the boundary-value problem formulation for 
a material with temperature-dependent density for any of the 
theories, Eqs. 1-3, 4-6, or 7-9, we must specify the density 
functiqn p ( 0 )  or effective constant pc, the constitutive func- 
tions T ,  2, and q^ for the determinate parts of stress, internal 
energy, and heat flux, respectively, the body force g, and the 
mechanical and thermal boundary conditions for the process. 
Our constitutive assumptions for internal energy and heat flux 
are 

d2 = cd0, q  ̂ = - kgrad 8. (10) 

To focus on the effect of temperature dependence of density 
we consider the specific heat c and thermal conductivity k as 
constants, although Eqs. 1-3 are valid with c and k taken as 
functions of temperature. We employ the Newtonian model 
for stress with an Arrhenius form for viscosity, 

where the constants 8 ,  R,  and 0, are the activation energy, 
gas constant, and a characteristic temperature, respectively, 
and pc is the viscosity at the characteristic temperature. For 
specificity, we assume a linear dependence of density on tem- 
perature, 

where po and p1 are constants. 
In Cao et al. (1995), as a demonstration of the constrained 

theory we present solutions for plane Poiseuille flow with 
isothermal walls. Here we present solutions for plane 
Poiseuille, capillary, and annular flows subject to industrially 
relevant thermal boundary conditions. 

Plane Poiseuille Flows 
As our first geometry, we investigate flows between two 

infinite planar surfaces with separation d (Figure 1). Con- 
sistent with our adoption of the Newtonian constitutive model 
for the fluid, at the walls we impose the mechanical boundary 
condition of n o  slip, 

d 
2 (13) u=O at x 2 = f - .  

As the thermal boundary condition we impose 

-= ae h(e - e,) at 
ax2 

x 2  = f 7 ,  d (14) 

where 0, is a specified constant die temperature, x2 is the 
transverse Cartesian coordinate, and h is a constant heat loss 
coefficient. This condition has two limiting cases: when h = 0 
the walls are adiabatic (i.e., perfectly insulated), 

de  d 
at x2 = * -, 

2 (15) 

and there is no heat flow from the fluid into the walls; when 
l/h = 0, the walls are isothermal, 

d 
e=ec  at x 2 = f T ,  (16) 

so that energy is supplied externally to maintain a specified 
fluid temperature near the walls. 

We seek solutions that are steady, two-dimensional, lami- 
nar, and hydrodynamically and thermally fully developed, so 
that with the coordinate directions defined as in Figure 1 the 
velocity and temperature fields are of the form 

v = 0, -kg = h(O - OC) at x2 = 4 
7 

1 -  v = 0, -k& = h(O - 0,) at x2 = -4  
~~ 

Figure 1. Fully developed plane Poiseuille flow. 
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For such a solution to exist in the presence of gravity the 
channel must be oriented so that the x l ,  x2 plane is vertical, 
that is, the body force per unit mass must be in the xl, x2 
plane: 

g = &in ,yel -COS xe,), (18) 

where g is the magnitude of the acceleration of gravity and x 
is the angle the flow ( x , )  direction is depressed from horizon- 
tal. 

Constrained theory 
We first model the plane Poiseuille flow of Figure 1 with 

the thermomechanically constrained theory, Eqs. 1-3. To 
nondimensionalize the boundary-value problem, we scale 
temperature to the die temperature e,, length to the wall 
separation d, and velocity to uo = ( pd2/8pcL,), the maximum 
velocity in isothermal plane Poiseuille flow with an applied 
pressure gradient p and viscosity p, = p( 0,). Hence, the di- 
mensionless transverse coordinate, temperature, and velocity 
are 

Using the material density at the die temperature, p, = p(B,), 
as the characteristic value of density, the dimensionless form 
of the density function, Eq. 12, becomes 

(20) 
Po 

where the dimensionless thermal expansion number P is a 
measure of the degree of temperature dependence of the 
material’s density at the processing conditions. 

The boundaxy-value problem for fully developed plane 
Poiseuille flow reduces to the dimensionless equations 

= -  [ g+- il: G] exp [ - E ( + - 1) 1, (21) 

c16 - 64Brz; exp[ - E (+ - l)] + 8 B r P 3 ,  (22) 
dze’ 
-= 
&,2 

subject to the boundary conditions 

d6  1 
&2 2 

ijl50) -= Bi(1- 8) at Z 2 = f - .  (23) 

In Eqs. 21-23, 
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where the absolute value rw of shear stress at the wall is 
related to the pressure gradient /3 by rw = (1/2)pd. Br is the 
Brinkman number indicating the balance of the competing 
effects of viscous heating and thermal conduction, E is the 
Arrenhius number, Bi is the Biot number, and G is the 
Gallileo number. The term 8BrP(fi16Al - Pi)) in Eq. 22 is 
the constraint response in the energy equation; it is through 
this term that the energy equation, Eq. 22, couples to the 
momentum equation, Eq. 21. In all computations we will as- 
sume the die walls are horizontal, so that G = 0. 

Ad hoc and constant-density theories 
If the plane Poiseuille flow shown in Figure 1 is modeled 

with the ad hoc theory, Eqs. 4-6 (in which a temperature- 
dependent density function is substituted a posteriori in the 
incompressible equations), the dimensionless problem re- 
duces to the equations 

(25) 

-= - 64BrZ; exp [ - E ( $’- 1)] , (26) &,2 

subject to the boundary conditions, Eq. 23. Note that Eq. 26 
for the temperature distribution decouples from the equation 
for velocity, Eq. 25. 

If the plane Poiseuille flow is modeled with Eqs. 7-9 (in 
which the density is treated as constant), the problem re- 
duces to 

For simulations of flow between horizontal planes, G = 0 
and both Eqs. 25 and 26 and Eqs. 27 and 28 collapse to 

(29) 

An important conclusion from Eqs. 29 and 30 is that even 
though the ad hoc theory considers density as a function of 
temperature, it does so in such a way that if the die walls are 
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Figure 2. Velocity and temperature distributions in non- 
isothermal plane Poiseuille flows predicted by 
the constrained theory, varying the level of 
temperature dependence of density. 
E = 5.0, Br = 0.2, Bi = 20, variable P. The vertical coordi- 
nate is the dimensionless transverse coordinate 5,. 

horizontal (or if gravity is neglected) the temperature 
dependence of density has no effect on velocity and tempera- 
ture, since the parameter P is absent from Eqs. 29 and 30. 

Predictions of the constrained theory 
Figure 2 shows the effect of temperature dependence of 

density predicted by the constrained theory. It exhibits the 
features discovered in Cao et al. (1995): if there is a nonzero 
thermal expansion coefficient ( P  # 01, the solution exhibits 
expansion cooling and an overall decrease in the velocity. Ex- 
pansion cooling is the phenomenon of depressed tempera- 
ture in the center of the channel, due to the competing ef- 
fects of viscous heating and thermal expansion. The fluid in- 
terior undergoes viscous heating, which tends to increase fluid 
temperature in the center; this heating also tends to expand 
the fluid, and the work done in this expansion leads to a 
decrease of temperature. 

The effect of thermal boundary condition (23)2 on the ve- 
locity and temperature fields is shown in Figures 3 and 4, 
where velocity and temperature distributions are plotted for 
fixed E ,  Br, and P with varying Bi (which can be accom- 
plished by changing the heat-loss coefficient h and holding 
all other flow conditions and material properties constant). 
Figure 3 displays values of the Biot number approaching the 
isothermal wall limit, and Figure 4 displays values approach- 
ing the adiabatic wall limit. 
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Figure 3. Velocity and temperature distributions in non- 
isothermal plane Poiseullle flows predicted by 
the constrained theory, varying the heat-loss 
boundary condition at the die walls. 
E = 5.0, Br = 0.2, P = 0.2, variable Bi. 

The solutions for large Biot nnmbers smoothly approach 
the solution for the isothermal wall case (l/h = 0, Bi 4 to), as 
witnessed in Figure 3. As Bi decreases from this limit, the 
bulk temperature, temperature near the wall, and velocity of 
the fluid all increase, and the expansion cooling phenomenon 
of depressed temperature in the center of the channel be- 
comes more pronounced. 

For Bi near zero the effect of expansion cooling is to main- 
tain a center temperature in steady flows that is insensitive to 
Bi, even as the fluid temperature near the walls and the aver- 
age fluid velocity becomes large when Bi + 0 (Figure 4). For 
flows in slit dies with adiabatic walls ( h  = 0, Bi = 01, fully de- 
veloped flow conditions are not possible. 

Another effect of the finite value of heat-loss coefficient h 
in the thermal boundary condition (23), is the possibility of 
multiple solutions of the governing equations, Eqs. 25 and 26. 
To see this, we now investigate the dimensionless mass-flow 
rate, 

as a function of the expansion number P and Biot number 
Bi. Figure 5 plots dimensionless mass-flow rate vs. P for fixed 
values of Bi. At some values of Biot number there is a range 
of P for which the curve has two branches, indicating two 
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Figure 4. Velocity and temperature distributions in non- 
isothermal plane Poiseuille flows predicted by 
the constrained theory, varying the heat-loss 
boundary condition at the die walls. 
E - 5.0, Br = 0.2, P = 0.2, variable Bi. 

solutions. From an extensive parameter study we learned the 
following (we restrict to Bi and P nonnegative): 

For Bi less than 6.3 and greater than 20.1 the solutions 
for velocity and temperature are single-valued for all values 
of P. 
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Figure 6. Multiple solutions for the velocity and temper- 
ature distributions predicted by the con- 
strained theory. 
E = 5.0, Br = 0.2, P = 0.05, Bi = 9.0. 

If Bi is between 6.3 and 20.1, there is a bounded range 
of P in which two solution pairs of [&(.f2), &&)] exist. At 
Bi = 6.3 this range is very narrow, 0.1140 < P < 0.1142. As Bi 
increases, this range of P becomes wider and shifts toward 
P = 0, until at Bi = 10.3 the range of P for multiple solutions 
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Figure 5. Dlmensionless mass-flow rate as a function of the level of temperature dependence of density, for differing 
heat-loss boundary condltions at the die walls: prediction of the constrained theory. 
E = 5.0, Br = 0.2, variable Bi. 
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includes P = 0 (explicitly, 0 I P < 0.0535). By Bi = 20.1 the 
range of P has shifted entirely out of the nonnegative P do- 
main. 

In Figure 6 we simulate a process for which Eqs. 25 and 26 
have two solutions. None of the simulations presented in Fig- 
ures 2-4 are in the preceding ranges for multiple solutions to 
exist, so that Figures 2-4 exhibit unique solutions of Eqs. 25 
and 26. 

We now investigate a particular family of processes of a 
material that is commonly modeled with the Newtonian con- 
stitutive model, Eq. 11, and the linear dependence, Eq. 12, of 
density on temperature, and obtain predictions of dimen- 
sional volume flow rates. We simulate flows in which 
poly(ethy1ene terephatalate) (PET) is melt processed in a 
steady plane Poiseuille flow with a wall separation of 0.2 mm 
and die temperature 6, of 285°C (Table 1). For these proc- 
esses the Arrenhius number E is 12.18 and the expansion 
number P is 0.1869 (this value of P eliminates the possibility 
of multiple solutions). The Brinkman and Biot numbers are 
functions of wall stress T,,, (or equivalently the imposed pres- 
sure gradient p =(2~,, /d))  and heat loss coefficient h, re- 
spectively, which are treated as variables in our parameter 
study. Figure 7 demonstrates how the heat-loss condition at 
the die walls influences the relation between volume flow rate 
per unit width of the channel and wall shear stress. We ob- 
serve that at a fixed wall stress the volume flow rate increases 
as the heat-loss coefficient decreases. 

The volume flow rate vs. wall shear stress curves in Figure 
7 terminate at critical values of shear stress T ~ ;  up to these 
values both the algorithm based on the relaxation method 

Plane Poiseuille Flow Simulations, and Corresponding 
Dimensionless Numbers 

Comparison with the ad hoc and constant-density theories 
In this subsection we compare the predictions of the con- 

strained, ad hoc, and constant-density theories. The predic- 
tions of the ad hoc and constant-density theories for temper- 
ature, velocity, and volume flow rates are identical, since as 
noted earlier the governing equations for temperature and 
velocity from these theories collapse for flows between hori- 
zontal walls to the same Eqs. 29 and 30. The constrained, ad 
hoc, and constant-density theories produce distinct predic- 
tions only for mass-flow rate. 

Corresponding to Figure 2, the velocity and temperature 
profiles predicted by the ad hoc theory for flows with varying 
levels of temperature dependence of density are identical to 
those of the constant-density theory and given by the P = 0 
curves in Figure 2. Because the constraint response term is 
missing from the internal energy, the ad hoc theory cannot 
model expansion cooling, and predictions for velocity and 
temperature are unaffected by thermal expansion and too 
large. Hence, for P # 0 and any value of Bi, the ad hoc the- 
ory makes both qualitative and quantitative errors in the ve- 
locity and temperature. We now investigate the dependence 
of the magnitudes of these errors on the heat-loss boundary 
condition at the die walls. Compare Figure 8 to Figure 3, and 
Figure 9 to Figure 4. All three theories predict that the poly- 
mer temperature near the walls, average velocity, and maxi- 
mum (midchannel) velocity blow up as Bi nears zero (reflect- 
ing that no steady solution exists for the case of adiabatic 
walls), but the increase happens with Bi much farther away 
from zero with the ad hoc and constant-density theories. For 
Bi = 10, from Figure 3 we see that the polymer temperature 
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Figure 8. Velocity and temperature distributions in non- 
isothermal plane Poiseuille flows predicted by 
the ad hoc and constant-density theories, 
varying the heat-loss boundary condition at 
the die walls. 
E = 5.0, Br = 0.2, P = 0.2, variable Bi. The vertical coordi- 
nate is the dimensionless transverse coordinate IZ,. 
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near the wall predicted by the constrained theory is 1.06 times 
the die temperature and the dimensionless midchannel veloc- 
ity is 1.54, whereas from Figure 8 we see that the correspond- 
ing numbers predicted by the ad hoc and constant-density 
theories are 5.38 and 85.2, respectively. For Bi = 0.2 the same 
quantities are 3.75 and 27.1 from the constrained theory (Fig- 
ure 4) and 392 and 146 from the ad hoc and constant-density 
theories (Figure 9). The effect of expansion cooling to hold 
the midchannel temperature near 1.7 times the die tempera- 
ture as Bi --$ 0 (Figure 4) is not captured by the ad hoc and 
constant-density theories (Figure 9). 

Figure 10 compares the dimensionless mass-flow rates pre- 
dicted by the three theories. Although the ad hoc and con- 
stant-density theories produce identical temperature and ve- 
locity profiles, they predict different density profiles [ fi(f,) 
= f l -  P6(z2)]/(l - P)  in the ad hoc theory and f i ( Z F 2 )  = 1 in 
the constant density theory], and hence different mass-flow 
rates /; fiG1 &,. For P # 0 the ad hoc theory overpredicts 
the velocity, tending to an overprediction of mass-flow rate, 
but also overpredicts the polymer temperature and hence un- 
derpredicts the density, tending to an underprediction of 
mass-flow rate. The net result of these competing errors is an 
overprediction of mass-flow rate for large Bi and an under- 
prediction for small Bi. In fact, for small enough Bi and large 
enough P the overprediction of polymer temperature by the 
ad hoc theory is so great that the approximation fi(Zz) = [l -' 

ljhm&hsMlodly 

Figure 9. Velocity and temperature distributions in non- 
isothermal plane Poiseuille flows predicted by 
the ad hoc and constant-density theories, 
varying the heat-loss boundary condition at 
the die walls. 
E = 5.0, Br = 0.2, P 0.2, variable Bi. 

P&x,) ] / ( l  - P) of a linear dependence of density on tem- 
perature results in a negative density and a negative mass-flow 
rate. The constant-density theory overpredicts the mass-flow 
rate for all values of P and Bi. 

Figure 11 compares the volume flow rate vs. wall shear 
stress predicted by the constrained theory and ad hoc theory 
(equivalent to the prediction of the constant-density theory) 
for the processes of Table 1. Both the constrained and ad 
hoc theories predict that at fixed wall stress the volume flow 
rate increases as the heat-loss coefficient decreases, but at 
any value of h the ad hoc theory overestimates the flow rate: 
for example, when 7,-0.635 MPa (Br =0.0600) and h =  
7,350 m2.K/J (Bi = 10.01, the constrained and ad hoc theo- 
ries predict volume flow rates per unit width of 0.285 and 
0.383 cm2/s, respectively. The curves for both the constrained 
theory and ad hoc theory cease at the values of wall stress 
beyond which neither of the solution algorithms converge. 
Again we conjecture that beyond these values no stable solu- 
tions to the boundary-value problems exist. For a given h this 
limiting value is less in the ad hoc theory than in the con- 
strained theory; for example, when h = 735 mz *K/J (Bi = 
1.00) it is 0.276 MPa for the ad hoc theory and 0.325 MPa for 
the constrained theory. 

Capillary Flows 
As our second geometry we consider fully developed tor- 
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Figure 10. Dimensionless mass-flow rate as a function of the level of temperature dependence of density for differ- 
ing heat-loss boundary conditions at the die walls. 
Comparison of the constrained, ad hoc, and constant-density theories. E = 5.0, Br = 0.2, variable Bi. 

sionless flows in circular conduits, as in a spinneret die. In 
this and the following sections we neglect gravity. We employ 
cylindrical coordinates ( r ,  tp, z )  with the z-axis in the flow di- 
rection, and denote the radius of the capillary by ro (see Fig- 
ure 12). At the capillary wall we impose no slip, 

u = O  at r = r o ,  (32) 

and the heat loss condition 

a0 

d r  
- k- = h(O - Or) ,  at r =ro.  (33) 

For the fully developed torsionless flow we have 

The constrained theory 
The dimensionless boundary-value problem for the fully 

developed capillary flow of Figure 12 as modeled by the ther- 
momechanically constrained theory, Eqs. 1-3, reduces to 

(35) 
-= dfi, - 2 r ' e x p [ - E ( ~ - l ) ] ,  
dr' 

d2i  1 d6 
-+--=-Bri2exp (36) 
dr" i df 

subject to the symmetry conditions 

at the centerline, and the no-slip and heat-loss conditions 

2460 September 1996 

d6 
dr' 

f i z = O ,  -=Bi ( l -  0 )  at ?=1, (38) 

at the wall. In Eqs. 35-38, we have scaled the problem ac- 
cording to 

and the dimensionless groups are now defined 

The shear stress q,, at the wall of the capillary is related to 
the applied pressure gradient /3 by rw = (1/2) firo. 

Ad hoc and constant-density theories 
If the same capillary flow shown in Figure 12 is modeled 

with either the ad hoc theory, Eqs. 4-6 (in which a tempera- 
ture-dependent density function is substituted a posteriori in 
the incompressible equations) or the constant-density theory, 
Eqs. 7-9, the dimensionless problem reduces to 

(41) 

subject to the boundary conditions, Eqs. 37 and 38. Note that 
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Figure 11. Effect of the heat-loss condition at the die 
walls on the relation between volume flow 
rate per unit width of the channel and wall 
shear stress for the PET melt flows of Table 
1. 
Comparison between the predictions of the constrained 
and ad hoc theories. 

Eq. 42 for temperature decouples from Eq. 41 for velocity, 
and the temperature dependence of density, although in- 
serted in the theory, has no effect on the temperature and 
velocity distributions (since P is absent from Eqs. 41 and 42). 

Predictions of the constrained theory 
As with plane flows, capillary and annular flows have the 

possibility of multiple solutions, but we only perform simula- 
tions that have unique solutions. The effect of temperature- 
dependent density on velocity and temperature in a capillary 
flow is shown in Figure 13. As noted in compressible analyses 
of capillary flows (Duda et al., 1988; Winter, 1975), the tem- 
perature profile has a broad, flat plateau in the center of the 
capillary, due to expansion cooling. A comparison of Figure 
13 to Figure 2 shows that this depression of temperature oc- 
cupies proportionately more of the channel in the capillary 
flow than in the corresponding slit die flow, with sharper 
temperature gradients confined to a smaller layer near the 
die wall. Also, the capillary flow exhibits significantly less 
sensitivity of velocity to the temperature dependence of den- 
sity than the slit die flow. 

The effect on velocity and temperature of varying the heat 
loss condition (38), is shown in Figures 14 and 15. The rate 
of increase of temperature and velocity with decreasing Bi is 
less than in plane Poiseuille flow (compare Figures 14 and 15 
to Figures 3 and 4), although as in the plane Poiseuille case 
the temperature and velocity become unbounded as Bi + 0. 

AIChE Journal September 1996 

v = 0, -k$ = h(8 - eC) at r = ro I rar 

Comparison with the ad hoc and constant-density theories 
The velocity and temperature profiles predicted by the ad 
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Figure 13. Velocity and temperature distributions in 
nonisothermal capillary flows predicted by 
the constrained theory, varying the level of 
temperature dependence of density. 
E = 5.0, Br = 0.2, Bi = 20, variable P .  The vertical coordi- 
nate is the dimensionless transverse coordinate i, where 
i = 0 is the centerline of the pipe. 
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Figure 14. Velocity and temperature distributions in 
nonisothermal capillary flows predicted by 
the constrained theory, varying the heat-loss 
boundary condition at the die wall. 
E = 5.0, Br = 0.2, P = 0.2, variable Bi. 

hoc theory for capillary flows with varying levels of tempera- 
ture dependence of density are identical to the predictions of 
the constant-density theory and given by the P = 0 curves in 
Figure 13. As in plane Poiseuille flow, these two theories 
cannot model the lowered temperature and velocity in the 
center of the conduit due to expansion cooling, and overpre- 
dict temperature and velocity for all values of the Biot num- 
ber Bi. Likewise, as shown in Figure 17, the ad hoc theory 
(and equivalently the constant-density theory) overpredicts 
the volume flow rate at any given wall shear stress and heat- 
loss coefficient, and underestimates the values of wall stress 
beyond which no stable flow exists. Figure 17 also shows that 
the volume flow rate vs. wall shear stress curve predicted by 
the constrained theory for a given value of heat-loss coeffi- 
cient h approximates the curve given by the ad hoc theory at 
a higher value of h. Thus, the temperature dependence of 
density in capillary flow produces roughly the same effect for 
volume flow rates as an increased heat-loss coefficient. 

Flows in Annular Dies 
We now model fully developed torsionless flows between 

two coaxial cylinders (Figure 181, as encountered in film- 
blowing and coextrusion processes. We define the shape pa- 
rameter 

-valodty 

Figure 15. Velocity and temperature distributions in 
nonisothermal capillary flows predicted by 
the constrained theory, varying the heat-loss 
boundary condition at the die wall. 
E = 5.0, Br = 0.2, P = 0.2, variable Bi. 

where rl is the radius of the inner wall and r2 the radius of 
the outer wall of the annular die. For fully developed torsion- 
less flow we have 

Our modeling differs from that of the second section in 
that here we allow differing heat-loss coefficients at the two 
bounding walls. This is because, although the designer can 
control the conduction of heat away from the outer die wall, 
the inner wall, being isolated by the moving fluid, must often 
be modeled as adiabatic or nearly adiabatic. The boundary 
conditions we adopt are therefore no slip at both walls, 

v = O  at r = r l ,  v = o  at r = r 2 , ( 4 5 )  

and the thermal boundary conditions 

a0 

dr 
- k - =  h2(8 - 8,) at r = r 2 ,  (46) 

(43) 
where in the most physically relevant case h, is zero (in which 
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Figure 16. Effect of the heat-loss condition at the die 
wall on the relation between volume flow rate 
and wall shear stress for the PET melt flows 
of Table 2. 
Predictions of the constrained theoty. 

case the inner die wall temperature e,, is irrelevant) or near 
zero. 

Constrained theory 
The dimensionless boundary-value problem for the fully 

developed annular flow of Figure 18 as modeled by the ther- 
momechanically constrained theory, Eqs. 1-3, reduces to 

= - 8  ( -  $ + m + -  ;)exp[-E(:-l)], (47) 

Table 2. PET Flow Conditions Used in the Capillary Flow 
Simulations, and Corresponding Dimensionless Numbers 

Flow conditions 
Capillary radius ro 0.2 mm 
Die temperature 0, 285 "C = 558.2 K 
Viscosity pLc at die temp. 204.6 Paes 
Shear stress at wall T~ Variable 
Heat-loss coefficient h Variable 

~~ ~~ 

Dimensionless numbers 
Anhenius number E 12.18 
Brinkman number Br = BI~T,,,) 2.3837,' MPa-' 
Expansion number P 0.1869 
Biot number Bi = Bi(h) 0.001361h J.m-' .s- ' .K- ' 
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Figure 17. Volume flow rate vs. wall shear stress for the 
PET melt capillary flows of Table 2. 
Comparison of the predictions of the constrained and ad 
hoc theories. 

d% 1 

i;, e 
= -Br( 5 ) ' e x p [  E (  - I ) ]  +8BrP- 1- Pi' (48) 

subject to the no-slip and heat-loss conditions at the walls, 

d i  - 1  
d 4  2 

i; ,=O, -= Bi2(1- 6 )  at $ = -. (49) 

u. = u*(z),u. = u4 = 0 
e = e(%) 

rz 1 - flow 

= 0 , s  = hz(e - e.) 
~ _ _ _ _  

Figure 18. Fully developed annular flow. 
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Figure 19. Velocity and temperature distributions in 
nonisothermal annular flows between an adi- 
abatic inner wall and an outer wall with finite 
heat-loss coefficient, varying the level of 
temperature dependence of density. 
E = 3.0, Br = 0.2, Bi, = 0, Bi, = 10.0, variable P; inner ra- 
dius vs. wall separation m = 0.5. The vertical coordinate is 
the dimensionless transverse coordinate i = r / ( r2  - TI), 
with i = 0.5 the inner wall and i = 1.5 the outer wall. 

In Eqs. 47-49, 

and 

& P l &  

64kPc 9, ROC ' Po 

4 
p 2 ( r 2  - r , )  

Br = , E = -  P = - ,  (51) 

a = -  ''' . (52) hl(r2  - r l )  
k 

h2(r2 - r l )  

k '  'C 

, Bi, = Bi, = 

The inner wall should usually be modeled with a small Biot 
number Bi,. 

Ad hoe and constunt-density theories 
If the annular flow of Figure 18 is modeled with the ad hoc 
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Figure 20. Velocity and temperature distributions in 
nonisothermal annular flows between an adi- 
abatic inner wall and an outer wall with finite 
heat-loss coefficient, varying the heat-loss 
boundary condition. 
E = 5.0, Br = 0.2, Bi, = 0, P = 0.2, rn = 0.5, variable Bi,. 

theory, Eqs. 4-6, in which a temperature-dependent density 
function is substituted a posteriori in the incompressible 
equations, the dimensionless problem reduces to 

1 

= - 8  $ + m + -  exp - E  -r-1 , (53) ( -  I (: 11 

(54) 

subject to the boundary conditions, Eq. 49. Again, as in the 
ad hoc theory's modeling of plane and capillary flows, tem- 
perature dependence of density has no effect on velocity and 
temperature, since P is absent from Eqs. 53 and 54. Note, 
however, that the annular geometry has coupled temperature 
to velocity in Eq. 54. 
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Figure 21. Velocity and temperature distributions in 
nonisothermal annular flows between inner 
and outer walls with the same heat-loss co- 
efficient, for small shape parameter m. 
E = 510, Br = 0.2, P = 0.2, m = 0.2, variable Bi, = Bi, = Bi. 

Predictions of the constrained theory 

The effect of temperature-dependent density on velocity 
and temperature in the annular flows with an adiabatic inner 
wall and outer wall with finite heat-loss coefficient is shown 
in Figure 19. The prominent feature is the asymmetry be- 
tween the inner and outer walls produced by the annular ge- 
ometry and the differing thermal boundary conditions at the 
two walls. The fully developed flows exist for the adiabatic 
inner wall (Bi, = 0) because of the nonzero Bi, at the outer 
wall. If both walls are adiabatic, fully developed flows are not 
possible. The effect on velocity and temperature of varying 
the thermal boundary condition at outer wall while keeping 
the inner wall adiabatic is shown in Figure 20. 

Figures 21-23 isolate the asymmetry to that due only to 
the annular geometry, by setting Bi, = Bi,. We observe that 
the asymmetry of the temperature and velocity profiles be- 
comes more pronounced with smaller ratio m, and, in the 
other direction, when the inner radius is more than twice the 
wall separation the profiles approach those for plane 
Poiseuille flow. 

Conclusion 
In this article we have employed the theory of Cao et al. 

(1995), which provides a simpler formulation than the uncon- 
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Figure 22. Velocity and temperature distributions in 
nonisothermal annular flows between inner 
and outer walls with the same heat-loss co- 
efficient, for intermediate shape parameter 
m. 
E = 5.0, Br = 0.2, P = 0.2, m = 0.5, variable Bi, = Bi, = Bi. 

strained compressible theory yet retains essential tempera- 
ture dependence of density, to model flows in slit, capillary, 
and annular dies with heat loss through the die walls. Heat 
loss is characterized by the Biot number, a combination of 
the wall heat-loss coefficient, fluid thermal conductivity, and 
wall separation, with the two limits Bi +UJ (isothermal walls) 
and Bi = 0 (adiabatic walls). We show that the expansion 
cooling phenomenon of depressed temperature in the center 
of the channel due to the competing effects of viscous heat- 
ing and thermal expansion becomes more pronounced as Bi 
decreases from the isothermal wall limit. The depression in 
temperature occupies more of the channel in capillary dies 
than in slit and annular dies, with velocity significantly less 
sensitive to the thermal expansivity of the fluid. A feature 
discovered in this article is the possibility of multiple solu- 
tions in a small region of Biot number, thermal expansion 
number parameter space. (This feature was not discovered in 
Cao et al. (1995) since that article considered only isothermal 
walls (Bi -a), and multiple solutions exist only for Bi be- 
tween 6.3 and 20.1, and then only in a small range of P. )  

We compared solutions of the thermomechanically con- 
strained theory with solutions from both an ad hoc theory 
(based on the a posteriori substitution of temperature-depen- 
dent density into the governing equations for an incompress- 
ible material) and a constant-density model. We found that 
both the constant-density and ad hoc theories make quanti- 
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Figure 23. Velocity and temperature distributions in 
nonisothermal annular flows between inner 
and outer walls with the same heat-loss co- 
efficient, for large shape parameter rn. 
E = 5.0, Br = 0.2, P = 0.2, m = 2.0, variable Bi, = Bi, = Bi. 

tative and qualitative errors: neither theory can model expan- 
sion cooling, and both predict velocities and temperatures that 
are much too high. The errors magnify as Bi + 0, for exam- 
ple, for Bi = 1 and P > 0.1 the ad hoc theory predicts tem- 
peratures so large as to abuse the assumption of linear de- 
pendence of density on temperature and return the nonsense 
of negative density. At any value of heat-transfer coefficient 
h the a d  hoc theory overestimates the volume flow rate 
through the die at a given pressure gradient. 
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